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Online Steady-State Detection for Process Control
Using Multiple Change-Point Models

and Particle Filters
Jianguo Wu, Yong Chen, Shiyu Zhou, and Xiaochun Li

Abstract—Steady-state detection is critical in process perfor-
mance assessment, fault detection, and process automation and
control. We proposed a robust online steady-state detection al-
gorithm using multiple change-point model and particle filtering
techniques. The steady-state detection problem is formulated as a
multiple change-point problem using a segmented linear model.
A particle filtering algorithm with stratified importance sampling
and partial Gibbs move is developed to estimate this model. A
generic timeliness improvement strategy is proposed to reduce
the detection delay. Extensive numerical analysis shows that the
proposed method is more accurate and robust than the other
existing methods.

Note to Practitioners—This paper was motivated by the problem
of online detecting the steady state (i.e., the mean is unchanging) of
noisy signals in the ultrasonic cavitation-based nanoparticle dis-
persion process. Most of the existing online detection algorithms
use a moving data window with a fixed length of (or select the
latest observations) to determine if the signal is steady based
on various decision rules, such as testing if the regression slope is
below some threshold. The performance of these methods is sen-
sitive to the characteristics of the target signals, such as the signal
noise and signal changing rate. Using only one set of detection pa-
rameters (window size, threshold) is not flexible enough to accu-
rately detect the steady state of various kinds of signals. Besides, the
moving window may contain oscillating signals with unchanging
means, which may result in high false alarm rate. In this paper,
a novel and robust steady-state detection algorithm is proposed
where the process signal is sequentially fitted to a piecewise linear
model using Bayesian inference method and mainly the observa-
tions in the latest line segment are used for steady-state testing. Its
high robustness and detection accuracy is at a price of higher com-
putational cost. However, in the algorithm all the parameters are
easy to select and only the detection threshold needs to be tuned
in application. Although computationally intensive, the code of the
proposed method is not very complex. In future research, we will
address the computational issue andmake it more applicable in the
situations that require low execution time.

Index Terms—Multiple change-point models, particle filters,
process monitoring and control, steady-state detection.
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I. INTRODUCTION

S TEADY-STATE detection of noisy process signals is crit-
ical in the process performance assessment, data reconcili-

ation [1], [2], fault detection and diagnosis [3], [4], process opti-
mization [5], and process control [6]–[8]. In these applications,
the steady state refers to the state where the mean of the time se-
ries is unchanging. Unlike the traditional statistical process con-
trol (SPC), which usually employs control charts to monitor the
change from the normal condition (steady state) to the abnormal
state (another steady state or transient state), the steady-state de-
tection uses statistical methods to monitor or detect the change
from the transient state to the steady state to facilitate process
control, performance evaluation and optimization, etc. In the
discrete-event simulation, for example, the simulated data con-
sists of warm-up period (or start-up period) and steady-state pe-
riod. Only the data in the steady-state period represents the true
steady-state performance of the system and therefore the start of
the steady-state period in the simulation outputs has to be iden-
tified (also called the initialization bias elimination problems)
[9]–[14]. In the online process control, the steady state needs
to be detected to trigger the next stage of the process or oper-
ation. For example, in the ultrasonic cavitation-based nanopar-
ticle dispersion process, the particles are considered well-dis-
persed and the cavitation treatment should be stopped when the
cavitation noise reaches the steady state [8]. Another example
is the batch processes manufacturing [15], where the batch op-
erations in start-up period are unsteady and cannot guarantee
the satisfied product qualities due to the unstablized material
or machine conditions (e.g., temperature). An efficient online
steady-state detection of the operation state can avoid expensive
laboratory analysis of product quality. In the chemical industry,
the steady state of the operation conditions such as the tempera-
ture, flow rate, pressure and pH value, etc., needs to be detected
for process modeling, control and optimization [7], [16].
During the past several decades, various offline steady-state

detection methods, mostly from the discrete-event simulation
literature, have been developed to remove the warm-up period
in the initialization bias elimination problems [17]. According
to Robinson [17]–[19], these methods are classified into five
categories: 1) Graphical methods where visual inspection and
human judgment are used to truncate the time-series data. The
representative methods in this category include the simple
time-series inspection [20], CUSUM plots [21], exponentially
weighted moving average control charts [22] and statistical
process control method (SPC) [19], etc. 2) Heuristic rules
among which the marginal standard error rules (MSER and
MSER-5) [10], [14] are among the most popular methods.
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These methods are simple and straightforward and free of
subjectivity of the graphical methods. 3) Statistical methods
which apply the principles of statistics to estimate the warm-up
period. The representative methods include the goodness-of-fit
test [23] and wavelet-based spectral method [24], etc. 4) Initial-
ization bias tests which determine whether initialization bias
is present in a series of data to estimate the warm-up period.
These methods include batch-means-based tests [9], students
-tests and compound test method [25], etc. 5) Hybrid methods
which employ initialization bias tests in conjunction with
graphical or heuristic approaches. Two methods of this type are
the sequential method [23] and the scale invariant truncation
point method [26].
Although the offline steady-state detection has been exten-

sively studied, the online steady-state detection, which is based
only on the observations up to the current time, is more difficult
and not well-developed. The existing online methods, which are
mostly from the process control literature, can be summarized
as: (a) slope detection method (SDM) where linear regression
is performed over a moving data window and the fitted slope
is monitored [8], [27], [28]; (b) performing a -test on two re-
cently computed means of two adjacent windows with pooled
standard-deviation [29]; (c) monitoring the standard deviation
of a moving window [3]; and (d) performing an F-test on the
ratio of variances of a moving window calculated using two
different methods, the mean-squared-deviation and the mean of
squared differences of successive data [30]. Based on the last
method, Cao [7] developed a computationally efficient method
in which the variances are calculated recursively using exponen-
tially weighted moving average. These existing methods have
certain limitations. One common disadvantage is that a data
window has to be used. Too long a moving window may delay
the detection while too short a moving window may increase
the false detection rate. Another disadvantage is that the op-
timal detection parameters (i.e., window size, threshold) often
depend on the characteristics of signals, e.g., variance of signal
noises (for SDM, -test and standard deviation method) or signal
changing rate (for variance ratio test [8]). The characteristics
may be different across different signals or even in a single
signal. These existing methods with fixed detection parame-
ters are not sufficiently flexible to be effective in various sit-
uations. Therefore, a more robust method with more flexibility
is desirable.
In this paper, a novel steady-state detection method is de-

veloped where signals are sequentially fitted to a piecewise
linear model using Bayesian inference techniques and the
observations in the latest linear segment are mainly used for
steady-state detection. The multiple change-point models have
been actively studied and widely used in many practical fields,
e.g., economics, muscle activation, climatic time-series, DNA
sequences and neuronal activity in the brain [31]–[37]. In our
steady-state detection method, the given time series are mod-
eled as line segments connected at change-points. Then, the
steady-state detection problem becomes an inference problem
for multiple change-point models. The Bayesian inference is
one of the most common and effective approaches, where a joint
prior distribution is placed over the change-points and model
parameters and the posterior distribution is obtained based on
the prior information and observations. In the proposed method,

Fig. 1. Illustration of approximating nonlinear functions using piece linear
model: (a) signal generated using exponential function and noise and (b)
oscillating function.

the particle filtering algorithm as an online Bayesian inference
technique is used to update the posterior distribution of the
latest change-point and other model parameters (e.g., slope,
intercept, noise variance) sequentially. The slope parameter
since the latest change-point is then used to determine if the
signal is steady. The key challenges of particle filter are the
efficiency of importance sampling, the particle degeneracy
and impoverishment issues, and its computational cost. In
this paper, we develop a stratified sampling technique for the
importance sampling and a partial Gibbs-move technique to
solve the particle degeneracy and impoverishment problem
and reduce the computational cost for the specific steady-state
detection problem. We also propose a timeliness improvement
strategy to reduce the detection delay which is inherent for
online change-point detection.
The rest of this paper is organized as follows. In Section II,

a multiple change-point model for the steady-state detection is
formulated as a non-standard state-space model. In Section III, a
particle filter algorithm is developed to estimate the state-space
model and detect the steady state. Section IV presents the nu-
merical analysis of the proposed steady-state algorithm and the
comparison with several existing methods. The discussion and
conclusion are given in Section V.

II. MULTIPLE CHANGE-POINT MODEL FOR
STEADY-STATE DETECTION

In this research, a piecewise linear model is used as the mul-
tiple change-point model for the signal, as illustrated in Fig. 1.
The steady state is inferred by estimating the parameters (e.g.,
slope) of the current line segment. The proposed method has
one key advantage over these moving window-based methods
which utilize only the data in the current moving window for
detection. The window may contain both transient-state obser-
vations and steady-state observations, ormay contain oscillating
signals with unchanging means, whichmay influence the testing
effectiveness. The proposed method seeks to use the observa-
tions in the current line segment for steady-state detection and
therefore it is expected to be more robust.
Note that we can alternatively use polynomials with higher

order instead of the linear model in each segment to approxi-
mate the signals, which will reduce the number of change-points
needed. However, higher order polynomials can significantly in-
crease the computational cost and complexity. Another alterna-
tive is to use the step function or constant function as the model
in each segment. The status of the process is monitored by se-
quentially estimating the duration of the current segment. How-
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Fig. 2. Illustration of the segmented linear model and Bayesian inference.

ever, this method cannot handle signals with small changing
rates, e.g., linear signals with a very small slope. Due to these
reasons discussed above, we adopt the piecewise linear model
in this paper.
The Bayesian inference of the latest change-point (LCP) and

other model parameters is illustrated in Fig. 2, where their pos-
terior distributions are sequentially updated, i.e., re-estimated
when a new data point is obtained. For example, at time , with
the emergence of the new line segment starting at , the center
of the posterior of LCP (the second row in Fig. 2) jumps from

to the location around and the posterior is almost zero
at the locations far before . Therefore mainly the observations
between and are used to estimate the other models param-
eters (e.g., slope, noise variance) of the current line segment.
Suppose the model parameter at time is ,

where is the slope, is the intercept of the line segment, and
is the variance of the noise corresponding to time . Denote

the LCP at time as and the prior transition probability of
change occurring at time given that the LCP at is
as . The most popular and simplest prior
for the change-point is a geometric prior [32], [38] applied on
the segmental duration, which corresponds to a Markov transi-
tion process with a constant prior transition probability. Other
common priors include Poisson distribution and gamma distri-
bution, etc., which are often used in speech segmentation [39].
For the purpose of simplicity, we select a constant prior transi-
tion probability in this paper.
To facilitate the online sequential Bayesian estimation of

the model parameters, we propose a non-standard state-space
model. Let and denote as the observation at
time . At each time step, the state transition process can be
formulated as

(1)

where is sampled from , the prior distribution of . The
observation is modeled as , where is the
noise with .
If there are no change-points , the above

model degenerates to a simple linear state-space model with
constant model parameters as the state vectors, which can be
easily inferred using the conventional Kalman filtering tech-
niques. However, due to the unknown change-points, this state-

space model is nonlinear, which makes the inference more diffi-
cult. Particle filtering techniques which are based on the sequen-
tial importance sampling are particularly effective for nonlinear
state-space models [37]. In the following section, a particle fil-
tering algorithm is developed to solve this problem.

III. PARTICLE FILTERING FOR MULTIPLE
CHANGE-POINT MODELS ESTIMATION

A. Review of Particle Filtering Techniques

For the sake of completeness, we provide a brief review of
the particle filtering technique. The basic idea in the particle
filtering technique is the sequential importance sampling (SIS).
Suppose the state-space model is expressed as [37]

(2)

Denote the posterior distribution as

(3)

where for any sequence , and any is defined
as the vector . If we select an importance dis-
tribution with the following structure:

(4)

then the unnormalized weight for particle can be expressed
as

(5)

where

(6)

(7)

Equation (5) indicates that the weight can be calculated recur-
sively or sequentially, i.e., knowing , we can cal-
culate bymultiplying with at time step
.
The expectation of any function with respect to the

posterior probability can be estimated by

(8)



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

4 IEEE TRANSACTIONS ON AUTOMATION SCIENCE AND ENGINEERING

where is the normalized weight of particle
and is the number of particles. Denote

and , then

with the asymptotic variance given by

(9)

The estimate is biased for finite and the asymptotic bias is
given as

(10)

The generic particle filtering algorithm is shown in Algo-
rithm 1. Note in the algorithm there is a resampling step (Step
3) which is a “Darwinian” procedure that obtains samples
distributed approximately as . It has the advantage of
removing particles with low weights and keeping particles with
high weights at high probabilities. The multinomial resampling
is one of the most common resampling methods and is used in
this paper. In the following subsections, the specific challenges
of the particles filtering algorithm for our steady-state detection
problem will be discussed with Section II-B addressing the
importance sampling step (Step 1 and 2), Section II-C solving
the particle degeneracy and impoverishment problems by
adding an extra step after the resampling step (Step 3), and
Section II-D proposing a timeliness improvement strategy to
reduce the detection delay.

Algorithm 1. Sequential Monte Carlo Filtering Algorithm

At time ,
1) Sample .
2) Compute the weights and normalized weights

3) Resample according to the particle
weight to obtain equally weighted particles

and set
.

At time ,
1) Sample , set

.
2) Compute and .
3) Resample to obtain particles

and set .

B. Importance Density and Sampling Methods

One common issue with particle filtering is the particle
degeneracy problem, which means, after a few iterations, the
weight may concentrate only on a few particles and most parti-
cles will have negligible weights, especially when the particle
weights are highly skewed [37], [40]. A natural way to reduce
the effect of degeneracy problem is to select the importance

density that minimizes the variances of the importance weights.
Doucet [41] showed that the optimal importance density is

. In practice, however, the
optimal importance density is often not obtainable and instead
the most common and convenient choice is to select the prior
as the importance density function

(11)

This greatly simplifies the computation since after the sampling
step the importance weights at time is simply .
In our model, we select the prior as the impor-
tance density function which is a mixture distribution, as
shown in (1). An efficient sampling method is the stratified
sampling method [42] where we sample from with a
deterministic sample size and resample from the particles
obtained at time with samples. Note
the particles at time are approximately distributed as

. The target distribution is
and the importance

density is

(12)

Suppose are independent random samples

from and are from .

Define and

, where .
Let

(13)

then we can derive the following results of the asymptotic distri-
bution. The proof of Theorem 1 (1) can be found in Raghavan's
work [43] and the proof of Theorem 1 (2) and (3) is given in
Appendix A.
Theorem 1: Denote and

. Assume for
and
and . Also,

assume that the samples at time are directly sampled
from (neglect the variance accumulated before
time ). Then
1) with the asymp-
totic variance given as

(14)

where for

2) The estimate is biased for finite with the asymptotic
bias given by

(15)

where for
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3) The asymptotic variance reaches its minimum when
. Denote as the

asymptotic variance of direct sampling from using the
composition method, then .

Note and in Theorem 1 are slightly different from the
asymptotic variance and bias of the importance sampling cal-
culated using only as the importance density. Chopin [44]
summarized the structure of a particle filter as three steps at
each iteration: mutation, correction, and selection. The asymp-
totic variance of the particle filter can be calculated iteratively
based on these three steps. In Theorem 1, we only consider the
asymptotic variance of the mutation and correction processes
over one time step, which may provide some insights on the
total asymptotic variance of the particle filter.
Theorem 1 (3) tells us that there exists an optimal which

can minimize the asymptotic variance. However, in practice this
value is always changing along iterations and it is also very
difficult or even impossible to calculate. In the real application
we can use the proportional allocation, i.e., or
to reduce the variance. In this paper, we select . Note
that usually there is a tradeoff between minimizing the bias and
minimizing the variance. It is very hard to directly compare their
asymptotic biases using (10) and (15). However, in this case the
variance is more important than the bias since in the application
we may adjust the detection threshold to reduce the bias effect.
From (13), we know that using the deterministic sample size
and , the normalized importance weight for particle

can be expressed as

(16)
When , the weight for each particle is simply ,
the same as using the composition resampling method. The
sampling algorithm with deterministic sample size is shown in
Algorithm 2.

Algorithm 2. Stratified Sampling with Deterministic
Sample Size

At time step ,
1) Sample .
2) Compute and .

At time step ,
1) Sample to obtain new

particles. Resample to obtain

particles and set .

2) Set and compute using (16).

C. Partial Gibbs Move

Although the resampling step could reduce the particle de-
generacy effect, it may also reduce the particle diversity to cause
another problem, the particle impoverishment, where there will
be less and less unique particles along iterations. For our state-
space model, this problem could become serious because the

state variable is unchanged when there is no change-point. Be-
sides, the resampling step cannot solve the particle degeneracy
issue completely when the sample size is small. The resample-
move algorithm proposed by Gilks [45] is a common way to
reduce both particle degeneracy and impoverishment problem.
In this algorithm, a “move” step is added following the resam-
pling step (Step 3 in Algorithm 1) to generate new particles
through MCMC kernels with the posterior as the invariant dis-
tributions. Resample-move algorithm not only diversifies parti-
cles, but also produces more particles with significant weights.
Because of this, it can significantly reduce the required number
of particles in the calculations. This is critical for online de-
tection algorithm which requires low computational cost. The
MCMC move step is often implemented using a Metropolis-
Hastings move. In our model, we use the one-step Gibbs sam-
pler to move only the model parameters where

.
It is common to assume a normal distribution as the prior of

and an inverse Gamma distribution as the prior of where
and . The conditional posterior

distribution of and can be computed using Lemma 1 (the
proof is included in Appendix B)
Lemma 1: Assume and are independent and

where are
known parameters. Denote

...
...

(17)

where

and

(18)

Sampling based on (17) and (18) can diversify particles and
produce more particles close to the true state. Note that parti-
cles that have low weights may have significant weights in the
following time steps. That is why we also need more unique
particles. Besides, the Gibbs move strategy can also increase
the survival rate of newly generated particles from prior in the
resampling step and thus increase the change-point detection
timeliness.
Usually, it is desirable to have a constant computational cost

at each time step for particle filtering algorithms, which is par-
ticularly critical for the real-time monitoring purpose. However,
the introduction of Gibbs-move step breaks the balance. Denote
the duration since the latest change-point as , which is ex-
pressed as . It is observed that the longer the
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duration, the higher the computational cost of the Gibbs move.
Note that the increase of the computational cost here is due to
the Gibbs move, not the re-sampling process, new particle gen-
eration or the calculation of . To control the computational
cost of each time step, we apply the “partial move” strategy pro-
posed by Chopin [32], where we move only a subset of resam-
pled particles. The subset is obtained by randomly drawing par-
ticles without replacement among the resampled particles until
the sum of is larger than some constant .
In summary, the improved particle filtering algorithm is given

in Algorithm 3.

Algorithm 3. Particle Filtering Algorithm

At time step ,
1) Sample
2) Compute and
3) Resample to obtain and set

For time step ,
1) Sample according to Algorithm 2.
2) Compute according to Algorithm 2.
3) Resample to obtain and set

.
4) Gibbs move: select a subset of resampled particles
such that .

• Sample and set .

• Sample

and set .

D. Timeliness Improvement Strategy

The timeliness is a very important factor for online steady-
state detection. In the simulation, we observe that the posterior
distribution of the model parameters conditioning on the LCP
concentrates on a small region around the true model parame-
ters, as the number of observations following this model accu-
mulates. Since the prior is typically far different from the poste-
rior distribution, only a small number of new particles generated
from the prior are close to the truemodel parameters, i.e., having
significant weights. Therefore, it becomes harder for these new
particles to survive in the resampling step when the duration of
the current model becomes very large. This may lead to a large
detection delay because of the lack of survived new particles
generated around the period where the model changes. In this
paper, we propose a heuristic timeliness improvement strategy
to overcome this issue: at each time , we randomly select
particles among particles resampled from in the
sampling step (Step 1) and “move” the discrete component
of the selected particles to integers which are randomly sam-
pled from . It can diversify the discrete component
of particles and increase the number of particles with close
to the true value. We observe that selecting only several parti-
cles can lead to a significant timeliness improvement for signals
with long line segments.

E. Steady-State Detection Based on the Particle Filtering
Estimation

Define detection index as the probability that the absolute
value of the slope is below a threshold at time step . It
is estimated as

(19)

where is an indicator function with

The estimated observation is calculated as

(20)

When , the signal is considered steady. Typically
there is a rapid increase of around the steady-state entering
time (see Fig. 3). Therefore, is not considered as a tuning
parameter and is set to be 0.9 in the algorithm. Note the above
calculations and detection are performed after Step 3 in Algo-
rithm 3. For the purpose of clarity, we refer to the entering time
from transient state (or steady state) to the steady state (or tran-
sient state) as the transition point in the rest of the article.
In implementation, we need to specify the prior parameters

for and . For , we can
roughly estimate the variance of the historical data in the appli-
cation and choose appropriate and . In practice, the change
of and will not result in significant difference on the de-
tection results since we use Gibbs sampler to move particles in
the algorithm. For , we can use a noninformative prior with

and , where is the identity matrix and
is a large variance. As for the transition probability , any value
in the interval [0.1, 0.5] works quite well in numerical studies.

IV. CASE STUDIES FOR PERFORMANCE EVALUATION
AND COMPARISON

A. Illustration

In the numerical study, signals are generated using bias func-
tions and noises. The bias functions consist of transient state and
steady state. In total five bias functions are used in this paper:
linear, quadratic, exponential, oscillating, and trapezoidal func-
tions, as shown in Table I. The first four bias functions are most
commonly used to test offline heuristic algorithms in initial bias
elimination problems [9], [13], [14], [17].Without loss of gener-
ality we only consider the negative bias scenarios, i.e., non-de-
creasing before steady state, for the first three types of bias func-
tions. The oscillating and trapezoidal bias functions are used to
illustrate the detection process.
We set and in the simulation.
for the trapezoidal signal and (total
peaks and troughs, fixed in the paper) for the oscillating

signal. The prior parameters are set to:
and . The state transition probability is set as

. The slope threshold . Total
particles are used in the simulation and the Gibbs move constant
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Fig. 3. Illustration of the steady-state detection for: (a) trapezoidal signal and
(b) oscillating signal. The vertical dashed lines denote the transition points be-
tween transient state and steady state (100 and 400 for step signal and 300 for
oscillating signal).

is set as . The parameter for the timeliness improvement
strategy is set .
Fig. 3 illustrates the steady-state detection process where the

solid black line is the detection probability indicator and the
dashed vertical lines denote the steady-state transition point. We
can see that the detection index changes steeply near the transi-
tion points between the transient state and steady state. The esti-
mated values of the observations are also close to the true value.
Select as the probability threshold, then the detected
state transition times for the step signal are 123 (true value: 100)
and 411 (true value: 400), and for the oscillating signal the de-
tected value is 308 (true value: 300).
To see how the model parameters evolve, we have plotted the

histograms of the simulated values of the LCP , the slope ,
and the variance at different times for the trapezoidal func-
tion, as shown in Fig. 4. At time and 500, the LCPs
of all particles are concentrated near the true change-points 1,
100, and 400, respectively. The corresponding slopes and noise
variance are also concentrated to the true value. Therefore, our
algorithm is able to accurately detect the change-points and es-
timate the model parameters.

B. Comparison With/Without Gibbs Move

To compare the particle filtering algorithms with and without
Gibbs move, a signal is generated using the linear bias func-
tion with and . The standard de-
viation of the signal noise is set as 0.1. The detection param-
eters are the same with those used in the previous subsection.
Three conditions are considered: 1) , no Gibbs
move; 2) , no Gibbs move; and 3) ,
Gibbs move.
The histograms of the slope at , 100 and 300 are shown

in Fig. 5. For the particle filter without Gibbs move, the particle
impoverishment is so severe that almost all particles collapse to
a single point at time step and 300, even if we increase
the number of particles from 2000 to 20000. Besides, the par-
ticle degeneracy problem also exists for particle filters without
Gibbs move, especially when . At time , al-
most all particles are far away from the true state and thus have
negligible weights for and no Gibbsmove, as shown

Fig. 4. Histograms of the estimated values of the latest change-point (LCP),
slope and signal noise variance for the trapezoidal signal at different time steps;
the true values of the parameters are indicated by the vertical dashed lines.

Fig. 5. Histograms of the slope at time step , 100 and 300 for: (a)–(c)
, no Gibbs move; (d)–(f) , no Gibbs move; and (g)–(i)
, Gibbs move.

in Fig. 5(c). In this case, the particle filter algorithm totally fails
to detect the steady state, as shown in Fig. 6(a).
Increasing the sample size from 2000 to 20000 reduces the

degeneracy effect, as shown in Fig. 5(f), where all particles
are close to 0 and thus have more significant weights. How-
ever, the filtered signal is still not smooth and the detection
has a large delay, as shown in Fig. 6(b) (detected time: 298).
Besides, using a very large sample size is impractical in on-
line applications since it would significantly increase the com-
putational cost. The Gibbs move strategy has solved both the
particle degeneracy and particle impoverishment problems, as
can be seen in Fig. 5(h)–(i). Fig. 5(h) shows more unique parti-
cles and Fig. 5(i) shows more particles close to 0. The detected
steady-state time is 240 (Fig. 6(c), detection delay: 40), which
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Fig. 6. Steady-state detection using particle filters with: (a) , no
Gibbs move; (b) , no Gibbs move; and (c) , Gibbs
move.

is much more timely than that of Fig. 6(b). The estimated signal
is smoother, indicating a more accurate estimation of model
parameters.

C. Comparison With Other Methods

For the statistical monitoring schemes for change-point prob-
lems, the performance is typically evaluated by two types of cri-
teria, the false alarm rate (FAR) before the change and the de-
tection delay after a change occurs. In this paper the FAR refers
to the probability of signaling a steady-state alarm when the
process is still in the transient state. Usually, a required FAR is
specified and the corresponding detection delay is used to com-
pare different detection schemes. However, in the steady-state
detection FAR does not capture the closeness of the detected
steady-state transition time to the true value. In this paper, we
develop an evaluation metric, the weighted standard detection
error (WSDE) which is defined as

(21)

Here, is the detected steady-state time, is the number of
replications and is the penalty weight. If , we put
equal penalty on detection delay and false detection and only
consider the closeness of the detection. Usually, the cost of false
detection is higher than the detection delay for the same amount
of detection bias; therefore, we may put more penalties on the
false detection and select as

We compare our method (PF) with three existing online
methods. The first one is the slope detection method (SDM)
[27], [28], in which an ordinary least square estimator of the
slope of a moving data window is calculated until its absolute
value is below a threshold. The second one is the variance ratio
test (VRT) [30]. In this method, the variance of a moving data

TABLE I
FIVE BIAS FUNCTIONS

TABLE II
NOISE AUTOCORRELATION TYPES AND THEIR PARAMETERS

window is calculated using two different methods, the mean
squared deviation from the average and the mean squared
differences of the successive data . The testing statistic is
the ratio of these two variances . In the transient state,
the ratio is expected to be larger than 1, while in the steady state
this ratio is close to 1. The third method is to perform a -test on
two recently computed means of two adjacent windows with
pooled standard deviation [29]. Note in this paper we do not
compare the performance of detecting the change from steady
state to transient state, since this kind of detection is relatively
easier and has been intensively studied in the statistical process
control (SPC) field.
The linear, quadratic, exponential and oscillating bias func-

tions are used to generate simulated signals, as shown in
Table I. For each type of signals, three sets of signal param-
eters are used: 1) ; 2) ;
and (3) . Note here we use different bias
functions with different parameters to simulate different shapes
and severity of the initial bias before the steady state. In practice
the signal noise may not be i.i.d., so we use three kinds of
autoregressive model for the signal noise: no auto-correlation
(AR(0)), first-order autoregressive correlation (AR(1)), and
second-order autoregressive correlation (AR(2)), as shown in
Table II. For AR(0), three noise levels are used,
and 0.14. For AR(1) and AR(2), and 0.1 are used.
In the simulation, replications are generated for

each signal. The detection parameters (window size, threshold)
for SDM, VRT and -test are selected in such a way that the
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Fig. 7. The weighted standard detection error and false alarm rate of PF, SDM, VRT and t-test as a function of penalty weight for: (a)–(b) AR(0); (c)–(d) AR(1);
and (e)–(f) AR(2).

overall WSDE among all signals under each autoregressive
noise type and penalty weight is minimized. The number of
particles used in PF method is set as and threshold
parameter is selected using the same way as used in the other
three methods. All other detection parameters are the same as
in Section IV-A.
Fig. 7 shows the WSDE and FAR of these four detection

methods as functions of under different noise autoregressive
models. Note that here the WSDE and FAR are calculated over
all signals for each . The PF method outperforms all other
methods in terms of overall WSDE under all penalty weights
and noise autoregressive models. Besides, the FAR of the PF
method is also lower than almost all other methods in all cases.
Note that if we reduce the FAR of the other three methods for
each to that of the PF method by changing the detection pa-
rameters, the advantage of the PFmethod in term ofWSDE over
the other methods will be further increased.
Table III shows the detailed detection results for and

AR(0) (the results for AR(1) and AR(2) are quite similar and
therefore are not put in this paper). FAR is used to see the con-
tribution of early detection on WSDE. From this table we can
see that the PF method is more robust and accurate in terms of
the overall WSDE in handling signals with various shapes and
changing rates in the transient period. In other words, the PF
method is able to detect the steady state more accurately using
only one set of detection parameters. For other three methods,
one set of fixed detection parameters are not sufficiently flexible
to be effective in different situations. Note that in order to min-
imize the overall WSDE, the selection of the slope threshold of
the PF method may not guarantee that the detection results of all

signals are better than other methods. However, the maximum
WSDE among all signals for PF method is far lower than other
three methods. From the table we can also see that decreasing
the signal changing rate (e.g., changing from 200 to 300 for
linear signals) or increasing the signal noise before the steady
state would result in higher FAR. It is intuitive since more bias
(deviation from steady state) will be immersed by the noise and
thus more difficult to detect when decreasing the changing or
increasing the signal noise. That is also why FAR is mostly con-
tributed by quadratic and exponential signals.
The computational time of PF method on a signal of 500

observations is about 12 s using MATLAB running on a Q9550
2.83 GHz Intel processor, which is relatively longer than other
three methods (less than 1 s). However, the increased execution
time could bring considerable robustness in handling different
signals. Besides, the selection of and the Gibbs move con-
stant in the simulation is very conservative. Smaller values
may be selected to reduce the computational time without
hurting the detection accuracy.

D. Illustration of Application to Real Dataset

Here, we apply our method on the cavitation noise power
(CNP) signals [8] obtained in the ultrasonic-cavitation-based
nanoparticle dispersion process. Micro/nanoparticles have at-
tracted significant interests due to their extraordinary size-de-
pendent properties and wide potential applications. However,
due to their high surface energy and large surface-to-volume
ratio, micro/nanopartices tend to cluster together and therefore
need to be dispersed before use. Acoustic cavitation is an ef-
fective method to disperse micro/nanoparticles where the CNP
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TABLE III
COMPARISON OF PF, SDM, VRT AND -TEST FOR AND AR(0). THE DETECTION PARAMETERS ARE:

(1) PF, ; (2) SDM, WINDOW SIZE THRESHOLD ;
(3) VRT, THRESHOLD ; (4) -TEST, THRESHOLD

signals can be used to monitor the dispersion process. The CNP
signals are defined as the averaged square of the cavitation noise
signals in each second. The particles are considered completely
dispersed when the CNP signals are stationary. Therefore, it is
important to accurately and timely detect when the signal enters
into steady state.
We use the same detection parameters as used in Table III for

all methods. Fig. 8 shows the detection results of the proposed
method for the CNP signal with ultrasonic power 70W and 30 g
Al O particles. The popular offlinemethod MSER-5 [14], [46]
is used as a benchmark to evaluate the proposed method. The
MSER-5 detected steady-state time is 175. The detection result
for the proposed method is 231. In contrast, the detected results
for SDM, VRT, and -test are 238, 251, and 240, respectively.
As we can see, the proposed method is more accurate than the
other three methods.

V. DISCUSSION AND CONCLUSION

In this paper, we have proposed a new online steady-state
detection algorithm using a multiple change-point model and
particle filtering techniques. Themultiple change-point model is

Fig. 8. Steady-state detection of CNP signals in the dispersion of 30 g Al O
for ultrasonic power 70 W. The vertical dash-dotted line (right) denotes the de-
tected time using the proposed method and the vertical dashed line (left) denotes
the offline method MSER-5 detected time.

represented by a nonstandard state-space model and the particle
filtering algorithm is developed to approximate the posterior of
the LCP and other model parameters sequentially.
The mixture importance density is used and sampled using

the stratified sampling method, which is proven to have a lower
asymptotic variance, and thus more stable than the conventional
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composition method. The partial Gibbs move algorithm is de-
veloped to overcome the particle degeneracy and impoverish-
ment problem and reduce the number of particles needed. To
further balance the computational cost, a “partial move” strategy
is used where only part of particles is moved. A timeliness im-
provement strategy is proposed to reduce the detection delay for
signals with long linear segments before the steady state.
Compared with the existing methods, the PF method has the

following advantages. First, there is no moving data window
in the PF method. For most of the existing methods, a moving
window is required and it is usually chosen somewhat arbitrarily
in practice. Too small a moving window may result in unstable
detection and high false alarm rate, while too large a moving
window may delay the detection. The PF method functions like
a slope detection method with an adaptive window size. Second,
the PF method is based on the Bayesian framework and is able
to “learn” signals in the monitoring process. It incorporates the
information of signal noises to the detection algorithm. There-
fore, it is able to handle signals with different noise levels more
robustly. Although the noninformative priors are used in this
paper, in practice, the prior knowledge may be available to fur-
ther improve the detection accuracy. Third, we can sequentially
obtain the filtered signal, which may be a useful by-product for
many applications.
Admittedly, the higher accuracy of the proposed method is

obtained at the price of higher computational burden. However,
in the algorithm all the hyperparameters are easy to select and
only the detection threshold needs to be tuned in the application.
Although computationally intensive, the code of the proposed
method is not very complex. With well documented release of
this method, people can apply it to their own time series without
much difficulty.

APPENDIX A
PROOF OF THEOREM 1(2) AND (3)

Theorem 1(2): Let
and define

. Let
, then

The asymptotic bias can be computed using the -method with
a second-order Taylor series expansion

where

Since are independent of ,

Therefore

where for

Theorem 1(3):
When , the asymptotic variance

becomes

If we use the composition method and directly sample from
, then according to (9), the asymptotic is

given by
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Since
, then we have

Therefore

APPENDIX B
PROOF OF LEMMA 1

Therefore

where

and

Therefore
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